L/14/3% Badgemnd & ceuiew, FPOES
Heat Bq in L0 po= w.. parabgle PNE
Wae By in 105 wier tus hoperbake DDE
Shm)y stale 'l"&np o A0 Wk t gy T O ellphc PDE

N toe . -.l‘»eaw) i -&\o( * given :r\'w’fl bhere 1> ns solubn,
Bx: Ue> Ux | xe (0, an), t =0
\L(RJGJ = Sin x on x € L0, 37}
w(o4é) = 0 on £>0
u('f);t,(—,)=0 PN £ =0
Nele: A aumerieal  scheme B bhes peollem -\l "blaw—up\\.
\"”\j il po:u)‘- No solujfwﬂ 5“1551\3;9 b.Cs
Ex: w2 sinx , wl(0) = 0, uw (=) = O.
Why ill-posed = Non- unjoueness

b
W osinx 2 W —coly) e b P - cos() 2

= u(,): ~ 51n (‘) + x * _C; Lnaq«un;q,utnbsv)

E<x:  uwe-= ~ Wy, e (0,3x), £20
uls, 0) = P, xelodx]
€u(o,€)> 0 | {20

Bz ) -0 4-0
This pblem o wl-behared . Why® Ty changes
'\o our 'Dd(\(,"i'on £ (Gin some n0’/m) can make o
,A(gt cl«omj,_ bo ke soludicn U (abe o neren).
Whal ve wal Do avm’| methods
5 Stalilly P Aewacy D EMiey D Simgle
Methods ve will  sddy
O Eiagle Qwuﬂ‘_& MLU\O()S L E“j, SiMn'&, J’m“5f"’?"/"L, byl
inPlesible order of accyravy ¢ M‘Qw H ), (om‘o‘bx jeomel‘mu
D Fourier [ Spuckeal methods = Concephunlly smple, “iobode-order  aceveacy,
very aimw“ “w wuflu 3&omf.‘lfiesl 8ad coo WN‘U 1"5"&'0'-'"" Y




) Enrh. vo'.;.m_ ﬂ\c“\oas: Solaé MQ“\O,N&"‘-‘CA‘ ““—"’J, tan aﬂ)roaoj\

Non- 3 moou\ SO'U"’lot\s‘ ‘)u"' Iew D“abf acw.—a(d ( P;L(I(,w..b‘- COnS“Gn‘)

4‘) Fiﬂih. Q,lg,mu.“ mq,“\m)si P.’c.u.w'-se polJnomih\, 50[;) ma“\ “\00!’,} ‘\ig\rort)"‘
‘:'j'EOMe.‘fic ?'o;;lﬁl:}dl bt lechnical mall ¢ couﬂ;cwl‘@é to im.o,ernenl'

-l_—_/j.gfag - F’.mh c)iOpumw Ma,\'lqcu)j Qr 10 S-\A"i(/n,\(} ‘arololcms
p:)ﬁbi" iée.o"- APProwimo\‘}(— NiEs with Q—’\i“b ﬁfpfokfmq‘)'ioﬂ).

u)(x) - u(nv\n)-—\l\(ﬂ- or u.(x)" u(x'l«) or h(&*L\)'\A(K"{q)
N > h

. 0
COnsi)e/ M+3 cq,vis(mucb Pol’/\“’; on [0_, 17, spacing l\‘ ML \,JQ/)“

C,““ ](J =bL/ ﬁn) \.Ju)" C)bl\a-‘a, Uq, ‘H\e_ Cowrv’nl.‘cml afP“’X st u(;(‘.,)‘
DbOiﬂb [»L,, b;slaﬂu. Ope,ra“of> O+, D-, Oo '

W1~ U ql’u"’-“— Mok = W
D.\. uo - J J D-u_ = J - Do — - W, —a
\r\ V)

N % aL.

Do) % Doale) = W)+ 0CW), Deulx) = W(x) + O(h?).
[\n) (on bLau\ ; D. 0. “(*) - D-D. U‘(“) 2 U‘),(“)* O( ]"a)
00wty + 2 Z3ue) » uCe
ln'%
Nod o T ‘°"j OJ ke we o \n();,y L;ylnef denivaXives op W, so
ve- nee,a ()c/r.‘voalnw l—a L(L \r’(‘J\‘ L)C/LO\\JCAL

J

Eve —u”() = Py on (o, 0) will w(o)=g,, u(l)-g,_,
This » a 94%33 ctate  heal equaticn,
We con constred a siheme 'oj D. D uw; » u’C;).
This 3-’&'35 —Uy-a 4 aUJ T Uyrr G \"-3(—}) Ue = 9o, Unua= gu, OSJ <M
3

~/ 90 .9
lields Au= £+ he.r 5e,
l‘, - > -1 T Wq 'pi
il A 4 2 -0 ua AN
A"“ Ng -2 9 ) -1 , b- _, . £’ '

U £,



OBSUUQ-‘:LQ‘ LA VN u“ Y @ 5yn~w}'rc op&ra'\of, Gnd )\ SJMMV“'HC-'
? A 1% ‘"-wurli'a‘b

’ B b SPacrse, -4 eabries /c,\.o\&5\°3

—

> rode -Q(cc ""O(‘U\G): cen P.N) O(H) alﬂof"']l"ﬂns.

7 Wee ilg{ﬁli"e/ me,“anSJ approxfmo.“e, ._B:L'Q 4\0" }‘\____:L_
T 4 bue u; & u(nJ), and \&')’)U(XJ) G l\"’O'P

L:)__Cil_‘_hf_‘w"*or €(ra(' - \/\“\ca‘- (] J’l\e ﬂ’/'ai()uo\l plvgy.r\y ovr —,/UL

solobicn inde e nuaevica! scheme?
D £ T, = -0.0_ulxy)- D(Xa).
We cn show 4, = c\nau(ﬂ(m)* 0(h*) whee ca constant
bheovgh a0 Tagle's analysis of 0 0-ulx),
Thea 9efine A = Lra v 017, &) consider  lglls.
We Say a nvemecical s cheme 0 Ene;':-lyﬂ’ ;p ,\ll}’,‘ “ill?f- ®)
Tn our case, lNglly = O(W™) 50 A sne e LTE o 0%

we  say nrso, Sdnp,w\u 9 CO(‘\.‘H“)‘)‘L:\L 'lo deteg Orau' rbd*,

b°ﬂ‘=ib\remqy doesn’t WP!} alluracy, \)US“{ giver & .suy\yus{-ch\.

Nuw Lot locilll, m‘l 9"6\\“",{]‘ J‘\Lfv"'fﬂu‘\d, owr Prolole,w\ '°°L5 'lLQ

'PJ 9o, 31{:\—5 W . HQ"“"" we ned A:L Yo behoave f\ice,ld.

We say our scheme & slable F AT, = C Aok
S“Dpfbim-‘!y smo\\\J C Ir\t)u.oe,f\()e.f\‘\ oD l’\i

R’ eall -4 - I A—‘l‘"’}
“ {U,\____ “’d- - 5_3:\: nx“}

\ e tan § ‘\ow ove _L\_ 1% sawuuer‘/ic, ‘oo':{-‘r.m, &q,-p-,-,\‘.’u) ei1guwn ua,uc_,S/dc,os
i -
gven by /,\0 T W 5-.(\3(,‘"\‘) /a)/ !Q=]_; s'“(f\,_-"l’.a),

Lineow Algebar  Recall & AeR", 3 svD
WA, = 6, T A symmedric, 3 A= RQWT 3P A




Sban}(io ?‘;(\v._,rl-;\.\cu }:l:-i' U.Q"'LQ

—

1‘(" A byﬂmdﬁ"—, l(,\,,o' - 0:5 .
A

—

\’\)L Con s\,\aw N our exmmp‘c«, “ &‘“a v 7(‘} Since “ -Pé—i“—; e.c()ualb

A/ (wininnum eigenvalve oF g) Hene ove schewme © stals o

179909 -

O"-j\"‘“( %vM"T(—l\’ Or) ijQW\e mccwrn\'a_?

L-Qzl’ &J = Uy U (A\)) y é_ = (_ei"'eﬂf

Ve 2%y ovl 5vlﬂ¢m 'S CDAULC§M+ ED h'i"é “e,—l(; = 0. Note “mi

Mas ¢ 5*&%5 slalement. hHhi0 =5 Mo =,

Dfe U 40 Lo He veke P exact SOIUEASJ so  we haw
AU -Ff+ Lo - Ben v @ Thewefre,

— 1T = é(& - _U) = )2\_@, giving vs Hat

lell,= VA 2l ¢ LA™ IS ¢ COCWY).

So n 'Hnis cerse Shtlﬁl"k‘/ (ll L‘-l"afc) om) Conﬁi?JeALy

( "I“.} = OCIn.})) 'Mf’ly acculc\cd. S‘“Mipﬁ_ﬁuy‘ "-|— ) 51@:\)

Orabf O«.C(,Ur‘m“q_,_

Ovecview®
Consideacy*  Local buncalen ermr  small
Sjm\oil.'l-}  Qeleme 1 well behaved (- small |,
Glval Bree = Conrvistancy order  Cish)

rb|0\"|\’t "O L\

Lif\wf-' ".:i :

Lon( E‘JJI'V“‘L'\(_L TLegrch %-‘a_\gi\["y i Coasislu\cj 9‘,..;2, Cot\ue,gu\ce:
\)\Jl ‘)bf(',f\)b on 30\1' abpi(‘i"iof\ op 540;%-’[1{1 wv) C(‘Jf\si‘i‘ldrf\(,d_

E“'p"(’ DDE -v ‘ (é(",g)VU) = ‘P(,Ij) ) (k’])f(o:a)a.
wlo9)= 9.(),  wlLy)- 94¢)

u(a,()\ = "w(x], v (X,L)"-‘"q.(x),
S\yv\-\mb"'ﬁt. posiTVe ab‘th‘}L_

For  well-postdness, requice K 0o
Mbéljs Sfol"iq“j )QJP&'\JC—J\‘\' l\u" A 0 D'QJSHW\_
\IJQ,“ {‘\OCVS on 905)500)5 Ecbvq\-:oq S A u = D . Ip p:_. 0} ve-




g La,'p[au,‘s Ej‘ftlwn. Aga,,‘/ || h = -;15_} arn) ve hare
w.; ¥ u(x,-.,y,') J Xi = i\\n , Yy, = Jla, We vse
{he Stime o\ppﬂwnw‘\‘mﬁ G9 Le,arﬂ- , OcL?).
wee (52, y5) 2 0707wy
Wy (xc, y;) @ Df 02 usg

Sc'l‘L""Q.--- - UI\I‘)..L
_—-q;‘_a’ 4 u-;u.'\)-
l — U -1
1/25/2%:

Rbcqu D: Dj wles) = U\xux(x,a) K- OC"'?), so we wal, £
ove  Schome W hoawe srder P aciuracy.

°
- L‘ p’\j Y ‘AN = 11 ™

i

‘_u-n!-‘]_’j

p)
\«J/ Uop, = 0 (y.)) s, = Gy (m—),
Uio ° l’\o (x,g) ,U“u“'* = La (XA).

Iy A
j\yc‘-"‘/ vl O an Orac_/ \A(-x;.,‘j\;) o0s auc,y-l-or 40 3.,,4‘ & u = _'Q wLe,fL £
ae,rg,ng‘a l4da 9 0(\) GCS

Conbr()wa)rrons (n QO'-

7 A aod Feidisgonal | bk Skl sporee 7A MM U ke, AT M)res
> 0cduing of g malters 7 No simple VYeicle €, 019, but coam
Ny ierdive 0(MP 1y M) e thods.
Oimiler 1o 10-

ad
> ecdes ntwm";/c.nijw'l' in h

(nol’ Waf‘hc)
? s‘.“ q’vq)rn‘ru alLuney, LJ" l'\“ll“"\, l\ ‘twnafuplua ﬂo)z—sé \iﬂc,f.\r P"‘:{°m in 30

]n 9Lqﬂ,fﬂ\J épgru, a) gt)* ‘1 Sl'e/n(—ilJ L\J\' M ? “"( %)3 ac’ft’.bs op r—‘ree)am_
BA ibecatne metheds con achiove OC a2 log (,l"\)) binme Still a
stable 5""‘!»»2« w/  second-ocder rleurouy 0 h. Wil 375 soblingr cost

NS atcvracy Pa jop'p

1"-4,‘(.," Ecror (00\¢$ l.LL Warxwy + uu:my = A(A u‘) fgumtb = A‘P ”Juaxb
/\'\5, ouf\SrJU Sbce;ab 54 LﬂM‘

-

As u,y ° 4 Ua; 2 AN Aw ("‘u"ds).
=\

WU, Wi

rp— L Ty



Ar\)) LTE ol As ""”5 uxn:” in n'-', Cow\‘oir\if\\g '”-q, 5““&:\(,['51
L -4 -4 -1
Aulxiyy) e Aguiyi= — [ -4 20 "4')
)93) 9 A bn® (_1 R
3 ?

w\nw\n heas LTE— fl% Agu 3 O( lnd) = ‘4‘:_‘5 A'P + OC"‘4>, For
L“\'\au,\& 6‘1,) P"’O =) A D =O 3;01.).7:7 4*" oro\:f QRULY A 1\
T_Q AP #0 , Sey Poiww\, we 50"1[ Soy  ordes © “"{;AP Ara u’p
£ Pro.n AL inb"wél Aqus; = Ps.;, t -:"5 A ‘p;u

ML‘“\G) do P)upc«frv_) wrmc};an; MqLM an apprgx"mﬂ"@ 50‘~J J'"C" l\f) -”Ae.a
adds "O RS \\_L 25} maded LT‘E .,p 5":/\0(‘} 50\\/0/) again

Soluurﬁ» Po( I-ﬂi\‘;al \/atUQ, P{‘Dk)\e,ms

S{ar.‘- \.-Ju‘l\ “Ifw&, a"f’bn‘)bf\“' ODE _(A)(é) s E((_él é)’ !(0)’ _té.?., \/Ji$t\

e D) solotien on  Le [OJTj.
Note  mgthod &£ Vines  nvelues discretieing PORs along all vers LA 1

ey e, Ex: Uit Ut U => (= 0%u 4 wo (Qu) = E(u)
vhere Q_ v & discrehization (o matri) of ")/ax) and © 5 ele,m-]wne
product. Yields en VP

Reeall Picad=LicdNof Thogrem pruder existonce and ynquencss L35,~
ODEBs in some ball argund ‘!‘,9,'('0 given E L;psol«i}z o diny ovs,

User ficard itecales  wll) = u(0)+ Sf £ (w9, s),

LL"s é;spre)nzc, «hnb-. ‘Lo“‘ O) 'En" n‘C. ) T= M k/ 7 PR _\{\_(’Ln) .

tane
No]re, ‘k,\\' Ware & Wa * Sta E_(é,g((—.))c)é

orward Tulers
- S-L ELLJu__{é))‘)b X (énu“(-”‘) £(£«\, Un) =* 'I—'Ef_

B;Lw?nj e eif\r(.."\' sdne,mv., Unryge = Ua ~ \l—p_n

—

6q¢,\¢,wor5 Ealu bovs R:om\nn SUm o“a.r o¢c. \A_A__.-; T t_J._n_ 2 LQML i ':fv-f\t“l-

—_— )

gr‘m\L’Ni(olson Joes “r&we—go‘aa‘ q.;q)fﬁlvr\;. L_‘ﬂ‘i = Ua + —L_;.( &1— p x4 )

—-—




A ODge sv\mwm 9 cof\VL_fgw" ‘lf6 o~Our Y ip given
mMaX

en=ulbn) -y, stalet - 0O(LY)

par £dme c\'\dlce. op NoCm.

k
’\3«.'('\, Cof“ai')*b'\gj_ menny LTE'-'—-): o, Obr\o}w e ‘pofww} Yine
QIQDUCJ\LL apc/ﬂlc’r 0+ _ —l_/‘_n_"\: - & FE _\_l_th_’LAL\ B ‘p
Us = w i e Z

For dowed Boler, ) v oo || D4- £ Cen, v el = kluleall= Cle

Nele ve werkad (n unids of %%,M-\
5-\&\9-.\'.13 vs  Yridkior o
1/%0/3% -

Ve

W, or else ve wodl) b ordes 2.

errr L.nuc, oveyes wa i-‘um“wﬂ.

sty a aymerical scheme (9 0- s}a\.lc.. D

\hare exisls a wms{qn-‘ C
s} Por | %upp.'l.ibn“ly SMql\J

l,TEn
mea el ¢ C (ue_._,l v IR atw\l)

whie R, ulda) = D aldd) - £ (4., \L(LA))) oo I Rau (£ = LTEA.
N_"_h-" Tbul'\ic.&“,

-\.‘,‘s;ca“v o ‘l

Moy

P ﬁ\-,o "no\uaus aefw] Q-\\_A_Q , VL;UL\ v OVUr caSc

2 zero, Vor imr\:,;‘l ML\\:\;A}I woy rol \e <esc,
Sb) coa-a;-,h,ntd + O-S’m\o:\f{, > QQ,\V,_,,,U\LL_
Thes conbe shemn explicitly Rr Feorwerd Buler vang Lipsdide Condinidy
and  dvaled errces. Comded depends on Lischdz cwnslant € T,T

\’\E//\’—Q. ) Forw«.r) Edld‘ Y LH- vrder c_e,,\vusaml,l Lu‘ CD!\‘-’J:\A‘I QL__ ‘
b
Nate €. P4w= -10%s, L=16% ¢

vecy lﬁfjb.

We wag b Yo Juve @ new notien of S‘hL-‘LH/ cons e Lhe 5“‘*!“"’
problem WO < Au (8, w(ed=w. Ael.  Exad s
wlb) = u,e,u‘—‘ u.,e,“&(wb wt As:nw(:)/ Ve M* A,
10 M‘:O’ Ve “l""’*
oscillatury  behavior
A/ LY

lu.M,_\ é \unl y «) [\A_G-_O imrlnbﬁ
or u=20 Gr s*mbalﬁj_

Foo Corwed Buly, wo hove  Bare = Wa + K200 Dol 2= Ak,

SO if\s-‘u\) o('\ maé.-P,m_, /)v and lL, Jv)" maarp‘y Z.



Note that  luavlelual & Jtizledl Ve eall Lvz e

Re ()
QVVLp\ip":Lq-‘wn ‘pmol-w _ pg,rca('ﬂ“\ﬁ algu‘o“\, k € - ?_TgTr-. A ﬁP

% (u\, f‘c.%w'ﬂ. \Lﬁ 'E__' —"-rq_, sol

¢ \ —k 22/1al

S . nou tenscdo bl ‘,paloL._.k fl Cocword Euler
\)\q“-q/mJ w(0)- ],/ Oféﬁﬂ_l Re () ¢ -1

Ve shewed Wo oo (,on‘:is-l-u\x, LJ{ ve nwd k¢« L ‘Q’

sabildy (k<) Such peoblems whee  he shabilily

(tonsﬁ‘eu.’)
Cﬂ]lo,rror\ (> wuih s*rrmlw H\m\ Mo MV aly rtq,urm,mw)r one

C,a"u) S"Im prcuu-\s »

The aohion of absglulte stLshb o Yhe "bq/\lﬂ‘bmcn"’ luare | 2 lun)
applicd 4o He ODE poblem w’=2u £1, Re(2) 20, ond a hine
53“‘1" L The st of volies 2-aLkel sadistyig | Uaale ual
o calld Mo Regicn of Stabildd, (R0$) A juncsical metlod o
colld A-dable ) salsfio lunalz ladl B/ seme E7 O,

Focwerd Boler A-shablily J2eq| < 1. Not ,

A-sladle B ol L2000 -/

| Uyl - i

—_—

Foo Backwad Eolers o= tnt M, 50 7= ° Tam) | @iviag
w e regpn F s’lo\\oi‘flj ',wkn)‘ Since
Re (W) e 0, k>0, Re(2)<«0, ss in B.E. S |
Dd Badwed Boler » A-slable y
Scailwljl Tmrnogc)o{/ Ceonnle Nidnolson

i Mode we A—edble Ll CN. -
R0S of Re(2) ¢ O




rorwmra Eulw I\o“o,_‘ c\noos;r\j Q,= O +*Ai ) vl Scl \.l\,,‘\» 2= Lﬂ,rtiL
\Nl’\iclﬂ on\j lies in “\L Roy L= 0. S!: in po\t/\-) no L

V"'\VQ, ((“'%h“b) ui“ (‘%uu in r\or\—ir\(,rc.axﬁ.‘c\j so‘d‘\‘tuas i Faf

ba(,L\.Jwé E\JIU’ ‘pp/ 'LL.]\ "‘O ‘OL n RUSJ we )d5+ ft%uﬁm L?O

TO\LQC\WJ'. Exrlr(,;l’ W\o\'l'\r;3$ ensy 'I*o fMPlbﬂM‘\", Lu" S\Jmﬂf iﬂS"aloil\',d,
IM‘\lf(,i“' Mg,nno)f' are more b;ppibd“' "'0 fmr‘pw\u\')'l \7\)" Muv\h nore Sxable'-

NouJ Considr o \ir\wr ook : (£) -

u’ v, (0= u e R" whee
A__ s ()ro\goqa\izq‘ol% ,& = \_l_-é;-\L b S0 fes Cc(h,,\] “N;_, CLA/\9Q_,

o{\ uo\r:m‘n\us w = ldll.l. , ve 91,’- w (L) A“'J . 30 a ANew
V\ox?or\ ,,Q s‘tu\:ila'l‘j i \(Uuu)...\ < ““'- -.l = k’,l,..e ROS, C)C

Wl fequice \C%(A) c Rog

ra \ll>

Or D,( no’\\il\w\r SS'A‘Q/MSJ E‘(D‘- E(-(;,V_\_)I \A(O)?—tigj Ve can

\'inu\r.u ovr frOLl.w-d\ arou»\b Jun~ -L,.. "‘0 gb" i((’) -‘—%— l‘(m, E_('Ln)) \_A_ ,
O\f\) we  Coh exlwé ovr nol‘d\ (>p 3"&\; \L "O

2 (55 (4utt) e RoS

Lu‘ in pmo‘.u vt can or\l C,Omrd'\( Ua nol‘ \A({'\),

i}l " N&a(l_y 0\“ M&\'flbbb ore au)\gora\ zq\o‘n_
/L /Y

Mowrr\j Qrwor)/ -0 w.’“

asIvme QA 9@/\!-/1‘4‘ q/-’ctdratl-v‘fL

Cnry
5.0l utanot v SRR (6, u(6,)), Loy vk

[a)

N mee consbars by ad sz L Wkt de ve chese
O\i)ffeximo\“(‘, wl,)?

Fisd, ve will chowe ¢,- }5‘ s= 1 , S0 e B P Y L.
comsislency. How b conpute U (£as)? Stampbb-fored aelhed s o use
forweed Buler. Se w(da+ %) 2 W= L o4, u)

Ua
= ul||-= - \_A__ + LP(LA" =, _L)



Db D' ulda) = Pt b wulda+ £)) + O(L), yielin
an 0/34.«’ P 50[!\&»\0,‘ bUT, U(("‘+ %) * u:l_
1'\ PNA, -"f\rau,l\ To-\-,lof Gralyd>y, e ‘Pmt) '“’\"‘)'

SQCOO"b Oft)bf aCLuru\‘t—

this proced vre o
,ove all s He Eplicid Mgl Medbed
a(bar5) & W= par 5 806 ua)

uns = un vk R(400 3, W)
_r_n__\;"'i’S‘lﬁge, amethods

w(an) = W ua s bZoun £y, Uy) | bosote ke,
Unea = Ua + L,Zi b&f({"nz ;)

whee  we mnd debermine aps, b, c; coelleiends. Ako Laoun

Mq‘ Kuua mb‘”\oés .

as

> -.[P Oé‘lfo Pof any 1>/JI ‘“4, sf_,l-.e,w is ;Mrlrc;‘)'
z @u'.'Q. (,o.m‘ol/“"-{. Pvf S ?) ) Q,,-,LI«. -Cr s = 9~

T‘f\wmw" Tl\.vr-L 7 fno Runy. KVH‘\ mt—‘Lc) w’-“'\ S=p ip 5

|o 2

S tages | I 4 S A 7 8 & 10
Achicwble R-K

N l LA ?> 3 4 4 S [ 6 7 7

0iminidhing retuens

.
Thi % w\'\J RIL-4 &  so f’ordlo\{',
\Ue Jf)f\o\j welliica o & bither Tableau
ey | O OGL T G,
Co | Opr Qax =~ 0O,
Cs Qg Gso A,
by bs - L.
Whal  weve seen 56 B
o |o |1 6 |lo o
| 1 1 ) ’a ’%:.
Forward Eoler Buckwerd Eoler | > 5

CfamL - Niol\o'doﬂ



RIC-9 6] 6 ©O N, celo 1]
(& c O c> 1 - c:p‘u-.'l ‘rnpc‘zoi)
{- ;i i.z C- § - up\u.'l mi&po;n-l'
Classu,ql RK-4 O o 0 O ©
LR a4
3 [3 O0o0 O
;10 300
1106 o 40
£ £ T %
6 3 3 6

\'JL Con 5‘,\.\..: Rk mu“\oc)s ore 0'5‘}0\|0L—, 'nulu, Laf\”e’ﬁjcf'\‘-& 0‘0 be LTE i-"f"'%
CofVerge nc e, Aﬂa Con al:o flol ROSS 'po( A"IﬂL"l"b. RK4 e,x}uu)'

e ROS op Forward Eulaf , Tl"b Uf’()m"'b €
Qbr R lc k) St‘ﬂ\‘ol, a  pe l\’,\o W\‘Q\ in 2°3 1 "—’

Car\no‘; \nc, A- S 1laU¢. Q:r 2rp \fbi‘f RYE . F-E
ro (,l’ g M ® exrl,‘(,'.-\ m&“\ﬂ) can LL A’S"G\Lh L

3/3/ 9'5 (Su-lc‘,\u "alo\mus"

Co | Gas  Guy ~°7 Gy
Co Qpr  OGax ~ ~ O 'Lh,;; b + |ch-
. : ~ - _\A_(-L.m“ J"h*Lé‘“‘»ﬂg(t“"al:(i)
Cs | s o S VTR 7= Y (8
b, by - L s

AU RK mebheds e B-shable by deP and  “A-stebl iagide ROS

1'\ Pf‘aol"!btl wi vse ML“\at)s in cgm\oinqjﬁan, che lovvf ONJ)W ,L,\A

0Ae '/\39“"'«r oc&e/r) to “rfrvximq\o evror
> Uy - Lowe oder (e RED) > da - Wrghe ocder (ex RK4)

Aad dhea Veadl N ulw - wall= N & - ua (1. BV Ly
f(’_ll\)fpa» ovti« *‘\N;LL -‘Lq, amo\,;\)f OP worL ‘(\or 3&-“»3 WA~
Sol\)\‘.on” EML!”L) MJHE*S\RQ& Mb“‘“’} in wL;oL\ wi golel,‘,




choage  H \D\-, coe Fleienks bo [’\o‘u\,‘\d”y iacrease orde of acivrecy.
50 u-r\u_ = Ua 4 k & L& P(‘L'\,JJ ki‘;) , o\r\J
U\r\u. = Un =+ L j’ l’ P('L“J, u.a_) , o need "‘0 N.Ctn,cu la‘c. U ,5. Oae ‘«KﬁmrL,

15 “-n., Oorman) P/‘inw 4(5) mb“"") ) ul\;cL L\as
l))">

Used a Julia o OPS()’ NATLAG 03945())
\J" ‘“\ﬁ'ﬂ aauf"iuulj Mﬂéi‘\\, k/

¢l we have

7 5"‘&\) es

yib') ocdr 4 acedrney L’;’ﬁ 3;u‘) 0oL 9 acuvrony. Very ug'y {alleav.

f g‘“\cn : sum_’.n'g ,ru‘t. o)c ()

Jiven S0me Cboul Q chosin 5.}
T o\P

EY bu-zi 2 e
gwc,n “\q-\ "LQ' g/m\oo).).,) Mf/ulw) ("‘Jo"(/ o(q) (5 @D o(‘l)bf P

Tl\wn,.,.n'- Polymmu\\ ‘In'}"'polnl,ﬂ: . Tl«e"e_ L)\i)l:- a vni vt Palvnomjtd

r(x) O‘P dq.g'ree, ot)f M‘J "2 '\"\a‘\ ;r\iqulo.lp, n+’_L poiﬂlfs.

Coc\s‘aph} Hnru Nuu‘aﬂ d'\-n:)'-h )‘.N\mnws

o "\["jll, 0 ‘;,ajj - ‘P[ X,y Wienod
PLxT~ P, Plxy o xedd =

) Kyep — %y
mr\) P(x) Z?[" : Y;j ;.‘:I:"“*s).

DiWMLM{. Eq,vq\;an‘r WUa gl ZO{ u = O un- u»\ -3,0 , ) ~® i ')' S.

Sim','o\( o OD-E:’ A%une W, *= 'Z'l = P(‘c) 2’“ 2 = O ) (a = l)

So Solns GP (f\"m W v Z;, w\nut_ 24,25 &ce “.., roo‘s o‘\ P (?—)

Ths s lilee -‘qLan_, M[-L)=e,u oc ODE>. % we Can show

sbln> Ao e shabl i IZ;,IE l, a)gw,lo‘:c«“, shable L \‘ﬁl‘— i

F;r Fhe TVeP __U\:(‘L) ’Q(LJE)’ ‘-’-‘(0)7 !“, WL hove ‘ﬂ”‘.‘.‘.cé")

e gta e«ro\l

_S'Sl‘a.p Mu“':‘S“?,p SDLGV‘\U \J/ s‘hp k \'\as \-k, QM‘

[
Z o5 Uaunoy |( Z‘ﬂ)ag({’mtﬂ,l‘.mtv) , X, /b) ¢ (R
J)=0 J2=0
V1512 CGW\MU\\> on
s-1
s>1

my “l ‘5]'@'0

() 3.,n¢,m‘ S;AJ|¢ 3".;_9 (N\) ‘dajo) . p\tf)calt— egq, S.L Ko = i

uoLsh "inu l/\(?‘idfj * £-0C- "‘fli““ ﬁv 70 exflacrl'
. xo #0 J‘0:7 )O|\Jb &\)/

M_ Nnya

° A‘ﬂvu— e.‘.“\u 0(‘3?-‘0 of /3,-"0 VJ



For smplcdy  assune  00E aulot\omod5/ yo fi‘, o) Uaney = L%ﬂag.l-a.

To gl opprmeds H Ul fy sppaneddes s 5o £ (st 0,

N_g_‘_';_"_ For .5"’9‘) must  calevlate \_A_L’...' W 5-4 fea Uo te 'oo—g.f\_
Typvaly  derned fon  wvlhi-stage methed,

51 Va4 @, ua < k(A Fan + B _‘En) For any nohin A
consisferc,, 5 chold hae o -—L. Add RHS skl qppeimnte
S‘M”-p(u(r)),)r S0 require ﬂ,‘*ﬂ.= R P Cﬂﬂsis‘l[emd. So)
Unr-t = k (BR.+ (1-p)£.)

# 20 Ford Bls, PBr i~ Bukuod Buler, for 5 = Counl Nicholsen *

Adows Helhods  vish Yo approximale v (Lan) = u(€) « 527 £ (w(D) o,
S0 scds Xo> b xa= 1, tlen debormn oler cocMiicnts  Cloose
ﬁj sl 5::" f (9 (D = k_;_Z-: £ ooisy , note  Mais vses
faiqh sutoide  Ho region o integrmbien (‘e"",é'\,-', Louos ).

Ecplich ANaws Methods, fo=0, are Adams BashIh medlode  Can D
/5,,’5 Haro Taylar ex parsion  of fo(yno.-.;ql injrorpo'a‘}:an. Thee exnt
Yables of  coefficienh £, Huse amethods, Lp=5)

Tt Adeno nb“\u)s, Po?0, ae Adoms Moulln medhods e
Ps hosen Lo hnhod ode LTE, One b degree of  {lecdon,

5 ve  achive on Lm\wf J(’/yf!& L LTE (P"' 5+ 1)

Nok Neder o abue ae g000 ot SHfP pro blems.

baowa9> O(ppuen“m}:on an\ao\s M /b,=C> Dof o‘?O_, Lul'

fhen  ned  noazen 0(0)5. 5%‘“.3 Uneio = k fo Lare The

cocflient ax complabl, all  implicid medheds  The idem
o WD R B U, Calld  BOF wdhds . (o)

\r‘O\J '\b COW\P\AQ LTE -pa/ 2 X; u;..,- L‘i': p‘, _-C"”'J ,P \IJL« C/O‘Vrd"ﬂ_
T Zogu (e — 2/5 W)
_E(u(l, 1-,)),

LOOL;Aj bl"' “\L om)c/ -%: ‘|'be5’ \..»e, ua" 20( =
Lua[bir\j ﬂl’ “‘L ordu” 1 La—ma’ Z’ (5'.))0‘ - Z‘ﬁ O




We ot awd O(3) 008 sabafd Br consistency
Defrne /a( w) = %d,w“
o (W) - Zﬁ w _
A wolli-shp method o consistent P and ooly

£ p(D-0 0 p=a(l).
lim
Cons ‘J“'MLJ ja’s Lio NLTE " = O

T—Lbofem g

Remit\)e [l

El:_ OU‘WQ an e,;;Pl.o.'\‘ My “\e.‘)}lf Mb“'\) . e,l- 5= a Se
WA ¥ A, U + 0(9. Uu\—,_ “l‘ﬁ pﬂ ¥ ‘L/&a- n—ya

ﬂ- » %lr.‘s wm
TQJ\O( N u"lai = ull'l- + gl’ un-l 'b UQ-’_ + 6 uﬂ'l v
)y L* " L »m
Mo 2 Wyt FUey * % Uy “ g W b0
-~ A} ' »
Lowl ® wle bue Sl o
0(ws): L+ wyup, =0 (,()-0)

OCwd) b rak =Bk Bk (1) = (1))

¥ 4> .

O(w) 5t el - b o p- 3 % =4, ape-5
W 3

O(“"-: : 3Lr %a%plﬁﬁﬁ"%

e

Put, ve s Y > skl Tblows g
T Le,ww\f A w\ul\ﬁ- sl(ep M&_,h'\ﬂ‘l i O -3 \ab\c io nn) ot\l_-, :p -“Nu
oo ‘(7 op /o (w) a“ 5«-\“(}3 |""a| & 1, OLAB N\J roo‘ ) 5..\-.,90 ir\‘? \\,J,,l = 1_

0re  simple. (y-0

Oy

+
w®

(w?-w® =" (u-1)
> A“’ ‘5=1 e MM«. tvua\l\ J) ore 0 b'l'aL\;, a;\) ﬂl” (bDF

Mb“\aab W/ 556 O.e O 5"'«‘9\:,_

> Fd(' la»b-‘ ex - /o(u)=wgk4w‘5‘ ("""5)(\#‘1)_
PYREYA LR

Foe olhsdlde stabildy,  cequrice Yhat for w2220, R(D) 20, slas & ndt
grow pror\u\\fa" " h-m, Plvw.\, in Mg e.iuﬁ‘lwf\ we_ 3“‘ He
JiMrena eqn 3;22 5 Uaey -, = kL a ﬁ_unu- hey chaaclerislic eqn

)o(U)-' ILAO‘(-#) = 20 (). So ve requice “\4 the  cooks of

P(v)'ZO‘(w) Sa‘aspy lw‘.’lé 1

Ex Forwerd Cule ,o(.u')= w-l gl - ﬂ,’

so /(-«)— 20’(\4) = OJ I‘ou“ w=21ﬂ)
D |2+ 1< 1, same ROS o befom,



Nole: Molbi-step metheds casy Yo imploment, bt samall ROSs. Tlhe
RoS, o\c"va\ls sheiabk as s 9 rows e Mams - meltheds

Note:  Stakig nullicstep melheds  vswally requie Rungo-lHo of  similar ordew

Geaccal Lineer Mebhods are Flo svpersed of wmy “ _sjre,p 4 SJraja. me Hhod3.

Fir\i\"b inpc,rt_f\q, nb\’\f\oas '(\ar pDE—s

\rJL \,.n';\/\ Jo ﬁlut)a pmw\\oo\.-c ‘oro‘o\w\:, ex he-} eq N caﬂﬁif)u N

e POE- 2
el Ueg = p (_3: u o, wle)- wlom ).
(fo‘,-o-n w /<) ?o-

wl'\e,ro. ? 19 [P N(3Y o"bf"’/\"o"'- For fru‘b-‘apitﬂ' e%ﬂ, ()Q‘(‘-N‘- P(-a-;) = :",
Dmpir\g “u. F‘wrior Irar\sparw.
Aoy

an -
Fa) = FL0 = {7 R0 o, dhor- e

e weZ . N YN0, = SHUFeN®  Fo F Tue wbdehd
2 ) .
AR impeckind grpurly F (58D~ 5o F o).

S, }’l o (L) ule)]= Pl Ul )

An) e P(?;)u 5 LU= PUd  U(w0) ~ Us(o)

ox

\/J.,’n, cedvaed s Yo on if\p.‘r\:"b c;u,ou‘oll_) 555\‘%. JJ ODEs. e con solw
© = » AW
-\l'\vse. as u (w,(,) = uo(u)e“ )13 3 u(‘,’é) = ; = Uo(w) c,“ lte 6.

€ >0,

The PDE ahowe v b_‘\g_\g_\t_; \D a K/ « e® sl ,e“w,t,é ke“é, weZ
TLaof‘em“ Ip pDE 5“\’[‘, FOu(fe.r*\oasM) 50'0‘:04\ Y }L\c VAaiqee Solu'l-‘at\ av\)

S 5“\00«“\“ )

EL Heal cq-f““m Ue= Unx ) U(AO) = b, (“)

Exap‘ soL\‘ :-—Jt. E U (‘-‘)) e E Aue} Sol'\ U Aque é&moa“'\.
( P() - - wz‘, . () - I(u,(:))).

E*‘ Ue = — Uxx ‘\O“ a‘ra'blc) ?(whobi 5o No 0\‘,'( %3 lewél‘\(e‘&.




Disccedze Het Eq ez, uls,0) = wolx)  u(0,4) = ul2x,€)
> Bavididund wesh | he Ax ) = A6, W = uly L)
u' - (ul o, wan)’
? Yheme: DYuy - D,O,u\;‘) 5elnl n2 0
> Celedly: i e B (0 -0l ¢ un
? Con also 90 Hrie witlh Crank - Nl'oLal«,O'\J R4 (ot b D70 “J“‘"‘)
> FE, Rkt scom ko blvvp Coanbe Nidolsen  convene, 41, N-H - 100.
7 Tastea), we shedd Ve dierehand in space , then goter
something off fhia Ug - Au ,end can Men shiyy com,uguw,/s#nL-
L//33
Todey, dowss  shabliby/acurmy o b Pode 3ene method
We 3t see esputed OLE), 0(W) acwrngy - FE,
Ve QJ\\, a:wre)n'u) space oand tome \upm_, \\\uu, on\) anorq,-l-;zg_,

- 4 [} u, (&)
e 2yl - Aute), L‘_A-[‘-'.‘_;‘.:-. ] wlt)- {“’“’J
¢ L -2 Un(t)
T‘ms o called M\L metho) of lines (sfv"“a“'”"*h “PP""")- Lis
\;SLDJl in JLcoupl{qa ypace ¢ bime. Ve con pow s\‘uJy
- Mabdly  (0- e A-shabilid) in b
- AccwM,J (_-lwc. hswg,\r;zn)r:m)
= CO'\U‘/"’M\C.(’.. Lo'\ o pme) S‘im"i«\ aﬁbrtliza‘\‘wr\ b, ODF so\a, not w»wi', PDF_)
Consider Forwerd Euler- ‘A:= \_‘:f \L&‘.‘: Lebs halb abut A_ S%GL"H’:
do the solokions grow v kime? E-,w.\..,.,/aml.rs of A compulable:

/X( ) *5"‘( anl 3’{)’-1'“» ) ;eI (1.3,.m)

J 3 even
L

o i have negaboe ceal povds, ar we'd hoped B So solas
shool)  not  grow in hime. el A (A)- f—um Ve A)=- L
Nodo, Bn €2 e suggests  Hae problem mey boo shfR
dome very gquitk decoy, some dlow decay. 20, our choce o

5("“!‘«\ a;%w)r'u]ﬂm will ;wac} our  time dsurekizabion,



Recalt Q. F.E.' M. RO gven Yoy l2¢4) ¢ 1
e 5 - YL A our AN on ﬂt_(ja“‘l\lb real _/_\

exis,  so w require 27 -%x \Ll'l.-.m (&)‘é'} s
l(\%\
=] \4 < _
>

SO Qf A" 5“«.‘0('1},‘ Say M- 100, h - .‘Le'&, (L = %6'4 .
/\nb no\b, 30“ \,.)a(|7“- escefe “'\\’s .\.J'\“n O‘Ld e,up\ru:)' mb\"/\oa“i/
say RK'A‘ SD we f‘“'a o A" 5}“‘0\-& imr\?oi)’ ‘Bc“le,mo, , Qe,cq“

Cc Backwerd Eules or Cronk-Nicohon, Re(2) <O s all i ROS,
Vow a\)uu\ "? n ¥ >
H LTC LTE = 0 U(‘J, £n)-—9,0*u(‘(,,‘m)“‘0(ln = lf)

So “vu, mt,“noa i inateé cof\‘:i"le/l‘\‘,
[\,\) how aloout cautrj&ﬂu?

Q’ :£+ LA’ £:= Q BU(’fv'-v S_A,J nUMefi(—n\ solu":m, ﬁo\u% ‘-} cna(/”v’
nn) Nﬂb Qud so\u‘:u. kas LTE \_E”‘ é\ln + Qn 4+ L(E_’\ 3\.‘&\7401;,—\9

bim
wavo LTE® = O,

S\prou, \AA_"‘ = E’_ l_ALn W _D_“_ Far Forww) E.J'I..r’

‘Lq, ‘WDJ : = ‘S%_ ¥ k '\_ -I“vra‘.’f\_, \'Lh 31;“’“)""‘"1 Ve \\qu,
Ky " be,+\,_éf3 1_ el

L, conbrl 93“.
i n
DL‘P A f\UMI‘A‘iLl\,\ sb\wne, \‘n é‘ \_‘_’: + Q/ o gau\rd‘n:’ 9 5o l.) "’.‘oﬂ

up b e T . L&x’R cLlMJ,/ stable Jr\ “E):_:“ < C(T)
Por L SUpDL Ln‘b sma“ oﬂt) ﬁ“ n 5_‘, nk < T

In ‘Drwliwj s\ww “ 2“ «) «+ Ck [\or o costen) C ""Aal“"&"“" op L
N N T 1 \V c/T
" E’ “ < “2" € (1' T\',—?C) e 0% N Qgrows,

T‘M.Or‘a.u'- Lou;' Ri(;"\"msg( Eq’uwn\t’\wf A \’u’\e_ﬂ\f SJ\bM!_, ]

—_—

suppse. €= O e uek

b‘

Loﬂubrdw‘]‘ \'ﬂ

o«r\b Of\\j \p l‘ ® Co-\S‘:'Awm" DLN.') LaK’RILL}w\ny 5'\‘0&Ll'~—.

S D ov’ D’“"‘U s "\ew &- -_A—, , woa-" '.“s Norm ‘c‘-) “\n or e,q/un\ 31 1—

Due b ek, g VL, =L enned ve ELALL(B)) £ 2
= k < "J Same AS A sl'aLil"J re gui nmtn-‘ (_wLm ' ceal, nc,,n‘ue)



Sb \\uw )o WL \ILripj Car\uvf’m&?
LD Fix LM;,,J 0-,‘ L s ‘n,.\_'t /a"' ) __ED e g,l— Lif—l,\ \/\u“ Onj

Con'lfﬁ\rt_ Lrors Pdf 11:' l\"".'!\J Se.  grgr in L.a Sb le—ﬂ

}»\wfn‘ 4 Iﬂ'““"\ %L-—-m‘ - !‘@D‘nfna L, Q,"w‘,e_ Ir\ s.‘_ l\v‘m
LENKEY
Af\ a“omali«. !\o'l'Ion oD 5‘-0\':"".'" (nol* r\u_uuu!, s.;m,,.-wn‘) s Voc\ Nw-mm 5"aLili{‘,.

’ Iar\ore, L&r_, com}i‘-lons
i FO’ linw )l‘%"’:al tq,va"-‘ﬂ‘ﬁ, 6““ L] 6N eigw Duf\o".‘o'\
o ox. (e,.wa)a‘ - -—'w" e,.wx
Wenl ko aabe sun Vhere c,ig.,r\[\uno‘lvans don’} grow ¢ Vime.
n Ao X A A h M AL
& Suppne. n-ec 2w te , ll“"‘ W3 ' 3(9) ok
9(0’) ) "m_ Aﬂ,li(“rm":on -Q-olor
Scheme i \],n'wbumm\ slo\lole, ip 19(0-’” =4

L4 qua\, !\o“c._ '.|- % G '\Q.(MSar:’ l,./" nol' Sumcim',' co'\é."’wf\ pbr slq'a-’li'lj

v

<

<

Now, wel Pac,(,s on l,\ ,_f\,o\if- co le«m

ex: Mﬁ + O\ U - O ) ut*,o) = Uo(?‘)/ a & R y) XGIOJQE)

4

Ui“\ ruusec qu)ng coq)i"iw\s,
EkntL so|n given l,’ u(l,£)= u,(‘-aé)

? Horbd rro\,l&.ﬁs .'n(.‘ur)e variable unsesfu-), noc\'u“)l-t— "00"509 conéil-.‘w\s, ‘\'\3

noalinearibies bt we can  moshly yadersded Meese Hh  He sinple exompl
Ol Mo dommin of dopendence D (L) o5 o seb of poinh
sl ulx, ) enly depunds en (DL, L) 0)

> For abue poblem, 0(x,4) = Ex-odd 0 single poink

R heat equabun, 06,0 = R depads on all ober points
Note:  Pordbolic predlems  Lace tnlaide fwro,alr,n speed, DG €) - fRMJ

while  hyprbolic medhede do ol

Ue + aux = O

> Eaudrdond  h> An, bo At ule uly L) w6l un,)T

o,.-, M1 n=0,.-.. N
2 .'rj", \*x(‘ht“) - Do \l;‘ ’




AR = 2e s 2m) | e Ind

> Not s\-;PDj mox I’,\,J) v~ lal-M
ke ID wee FE} nbsolu"e. s-‘a'oili ‘I'j Says z*= ’L L/
Me quice l?. "i"—'!‘—’ \w‘ f\o" 5"&“& I—:f .y

any >0 o erju\va\v&b fure  Tmaginary
> For oM exphed mebhods,  will obiain
slabilly argumenls bbe  la| k £ K
> Should aock use RKA, we haw O0(L®)  spac LTE  wed see  OWLY) | prmunls
valess h very small. S\odd not vse Cronk-Nrcolsen,  vsing saplicit
method teo muckh For non-sh PP problen
4 Laa'p\rok\cmgsu L | A T s"ﬁ‘ﬂ\(b L L=(!i‘)&
> Leagflog methed + u™ = 0"t Ak ALY

One  dea L 9et rd ofF «cc.,muln‘-;,) creors, 093 brss;falrron '\'Q{m

o Ue* Oty = E Uy, e Oceeld , sviprisingly Plihie in Pfaoj’]‘(.z.—
7 Choong & oo small will male a0 3:PRrence
> Chioy € ke big will ialodee bo i Jiwipation | problom bewuss P
ahdee ke L7 shabilly requom mest
> Wl inssh o0 FE, ek ggumeaboos of! (Ae L) slol  Itealel
7 This spectrum o ackually omputable
Lay=Fridenhs scheme = Tabe €75 and you g scheme

+ n _ 0 n l\% n
UJ - O ou.‘: ¥ h?\: 0+ D—u’()

i
or u:“‘i— e ?(u,: + u;:;_) - ‘ﬁOx DD u‘_’n

’B /16L9~$ No"b ‘“\A‘ J 19 o s"w\)o.ra FE mov e flus an avuraa:ng lp,rm_

Anol,k.’f SG"\I-"-V‘— m"cf) Lnx’ \Jtn)mp& w\’“—""' gov c,l'loo'u_ ”‘)Uﬁ" enaupL\v
a”k

()i':bifalion f*a-“"lr’ “N:-n '“«q_, Ia!“,v\‘l' fo!'“‘n'n. onn.aua‘-l £= Y ;




€
N

a QL_ n
+u;\ T O Do UO t s /a\ D-r O-— u.)

W\A“’L\ l"\os a I’\?,Lu Of'A"’ LT E “"‘M Lﬁk - Fr:c.)f‘iolls - O( L’, "‘9‘) .

W

A"O“v\t.f ror-l‘af C-‘mst are U_flr‘:f\A 59"\‘!""\05 . S.‘r\u— '“‘"—- P'r\asrcs Op “"L
rru\o\zm arne r\.-‘ aymwl'f-”c, l’J \h5ir\J D,. er O- inslv_n) 0[‘\ Oo ‘Q’
‘“NL Sraoia] Ju’wa"wb,

4 ble"t‘on ’rﬁwu\s L f‘r,l\'l-’ Ioot “" I'L-‘A’S L(.\/\ﬁr\h “'l'\z,

we )

v Ip a” o
?aflrplo,

/

> Il ac0, use 0,,

n

u.‘t\} SL/L.Q,..“_,-.
Uf D+un = O\ D,_f__ UJ

Facks -

? IO W Urong 79N, ul\corxéi‘-.—mu“y Uns'rlc.“c

? I(:‘ ust ﬁy“ 55N, 5%\‘]@ .Dp \e':‘.‘,f 1
Neloo Ve beep seeiny Yoo condibon ISle L Wby o AP
To He (n4) plue Mo dwabisaben shp ho sbpe 25+ T A Ve
D€ domdhrishy, XV - ade 8, oo shpe 2 = T So, 1%} e L
o equvakat b e D numunal chaadunbic hae smalle sk

-Ho...,. “n, PDE clnmplu.-;,'rcs_ Of“l
> lee, il\‘\.rvn\ [‘AJ-,_’ xj“’] con‘a-‘f\s D(xhénu\,) Q‘ar 12,\,4_, Ln

p0€
T A Ly PPE
s / c,lm;ruvtvfﬁ’\‘(—

szrm. ‘Ly f\umﬁw\\ ébpain GD c)e,?e,m;u\w b(“j,Ln) ) (7% '“"L/
Sfacm\ size op “‘0 5‘@«“05‘- Ek par 00 , 6(1‘,-,«[-4) = i*;'l, Xen

TLc., waw\‘ -Ffia)r:o\\s'l,%'\) (_CFL) Ccﬂ!)i‘ion S0y > H"’\)l H“L

'\\;MLHC—O\\ ()o-m:n op o)o,pux()c,nc.u C,of“"“"‘b ‘ng, 0\’\0\‘\\"7(—“-\ 30'\*5"
aP J“rfb"l)t,nu'_,_ A f‘LL(,)&ura con)'.hon (% L, L L 0 .




Sfeo)fm\ ﬂ e,)r\r\o Js

R&m“/ Do 19 « % pm‘l\‘ 5\’0‘“’"‘. Gy plaal‘ns \J/ T“\ylu( selies,

wbL  cor ingreeose )L, Ac,i SizL ‘}o inC feese LT E ﬂcc.wm.:’ .
Cong.()f.,f (7N DJAQ‘Lc.r\ (Ve [0 ;ﬂ_]—) ¢ 'HM, f;ufib’ Series ()Qm..r.oo)o)
W\ H\"o u A kx e;.L.:
u( ~ b ( = )
") < j? e ( (br. ‘) free

uL.,m we B A 1 n —akx
U.._: <U,¢|r.> — T?_;_S u()e ‘)X‘

Do compler,  Yvncale by ulx) <« u () Zub (Pk,(x).

Ovu\-:‘ms'- How vell 3004 Un qrrroximﬁ‘l‘g U‘-p ULW‘ '-D we olpfmuﬂn‘"le- 6:),,3
S1s/2%:

]ﬂlroén,u “'\ﬂ-r ié'-—fh o{\ a ?"%""‘“J a Ma‘f P“ L’&—) VG‘_-'-_ Lg- S.L.

Pa= P w e Pu ‘rosbu\b U oﬂ“o V u = (l'P)U\ ffoJC«U")
W 0“"0 \'J s'l'~ VQ‘\J = La. P i bf‘l’LG,nf\.u\ \'P V_L W
or P P (P> CwPVS), Vs ke range W le kel

l\Lq_'}_g:_‘_ (O\al;@W) Pf‘oJcc/l*or) con 'Aou'er a.rLi"’f‘o.ri!g lo\r*jb Nno rm,

Tl"“’om"“" Do{\ihe. PN as -“.q, orefo\lcf‘
PNu < Un T Zlﬁ.q)v—(x)) u - _S_ lﬁ(br_(ﬁ)

\klewN Le?Z

T"\c,f\ PN 1% Qn o,l\..,aono.l f"’:""'"w‘ O‘N,r-n'}’of“,

COsr\ Ve \Oo\mb “u" PN““) ")

hu-Poully = S Iawl”

v N

P\r\) VAN —AkXx
) UL:<UJ®\"’5: é&au() Lé

— ke

r— U(")a

A
0 Wox
Now, assvwe w(6) sul(2x) Yo s} rid o P Lirsd Y"’lf‘)‘. A"a

'R
g u(‘)ea\v—x ax

o




._;\/\
U

"L-L re,w\ou’nrnj \Oﬂ’l 5 T FOUI’,-Q__/' we.ppiorc,n)- ‘Q:r u](d)
> <
o 35uming U\)(K) c L . A 3 [ /':‘_ uk‘ 20 o L— o0 So
9 ~A D /\ "u "
Vu-Puull, = —2- | = E |L|’|u ‘ —‘ 2 re
7N PYEXY ki >N

Theorens Svppse wu'e L’ and wl0) =wl3x) Then
“U"‘pN\A“; < A’J“u)“a_
C?iw.—f\ Sc"lNo) ‘“q, (Lg Pe,r.‘oé.‘c—) SbLOIL\/ Spact - 19 3.\1&1\ \OJ

s , - X P("-) e LG([OJ’}JJ;&)’OgI‘e
HP (lOJ%J ’ d:) T { ¥:Lo, 9]¢ ‘ Mg - £ (=) , Os|css—1?

wil no6/m k4 : T s
. \lunn’ = Z“U“‘\e

NO'L,'- The L?g\«u’ S o, -H.u,_ more ”Shwo“«“ -,)l TS,
A H'e H £if ¢5520

:‘—M 1f ue H“ thea “\A‘pﬂunv s N7 \lu“H;_

O\,r —Qy(myr Pe_b\;“’ L I L} con 5\\0W Tr\AVU"i\lu\ﬁ
: > < < =(s-r
Theoren: T uely, ¥ Occas, “u'PNuIlu; s N )||u||,4;

© \.N_‘\JL ar\swcm'_) »‘ou wbl\ WO coan o PP xima La. a 'pu n(/"rm Ly
'Fourrbr Serres. &Luw\g %UQA*?&A 5 \,Jll\ﬂ." lno\ppg,ps \'D e A'Jﬂ:‘)’

L»ow Faurru cabpprurpn\')/ Lowe, '|~a Q fprox.“mmh' pN .

How 30 we COMPJ"@ \i\p N\ p(‘ﬂ(}‘}’ibb’? \.Je_, “ \‘\\pq,lj LHOW

W m‘ Sove pcam)(;) Ld} NA’ l'\ﬂ\\e oNn  ex FLLA 'Qrmu

G ro\"ure,'- N o —Al %
Qe U -118 ul)e™ 3x = Z""ou(“d’)

SRS
vith o {on  -ikny _ax (-0
\‘rJ\" - \ e J ?‘J "

5"“"‘) v§ 1-"'\,‘»;1&)“‘ fu\c. cr ?GvaaO'\‘-ﬂl , asiuwne \\17 ’)-N"'.{L



S FAY ~~ ©
S T

w(x) gf..'.'t N
w={( * J,i:(i)2-Vu
u(cn) Gw - ( !__

b g | | | I
b b \/ \/- Voway 7 Vo )) _V_\»__- J}@F(é)
\

A po\(r\y 5‘\7‘&17\!\* ‘po"'-’ﬁf‘) CUWP\ILM"-.‘on s\«ows *L\ﬁ)‘
vy vy =L Bkl Lve vy =0 b b#EL

Se V¥ » o uaAwy M‘rrx) vis vt de

- M V-
= ’arcl/_y‘,-

Tl'ﬂb it\v!/r‘ri\ol!, oy %) La“-.) Hfa. Dl’)ug‘h. F:wrru wa" I)Q'-\ (Dl’l)_

N N>
_\}-——_\_[_.\—A- ) u——am\i\_}.—'

TLL OFT/ nyerse DPT 19 r‘a,\q“mo,‘d Q;FJ,\“\,@_ ) OCN%\, TLQ—_
F‘:T VoD recurdion "‘6 e vel J‘o OCM |°3(M)) co"‘]',

N‘N, DT i & eroowhon o,ac.m*w, LJ\* in pm,l/ ﬂ- cen Le @A
unshale  obligue progector. Delflae T ho Lo Yo 0FfT
operater. How diPRcnt > Wu- Tuull o M- Puull?

N 30/2%

Using de Vriangle wmegualily o -Tuull <
baow Nu-Poulle N7 Call Ay= B0-Ty 28 ueVy a AGu=0,
So A pvnol' Awuz AN(I'PN)\;, Ve Vaco (I'P-u)u i MSMN“,
ad  con sk Hhat Ab i wll-lohadd on small inpuds,

TLMM'- Asgu,"t u& \'\: VI“ﬂ 57% . TL\L'\

"U'Inu“l} S N'S“U“Hs

|lu = I,,u“ﬂr < N-(‘”) |lu|| e \D < S

u-Pull + Il Pou— Taull, Ve



Nbu‘ Cons;des ‘an, a,\:sx'rqg“ PDE l (u) s D A\so t)bpme,
“"" Pcsw)m\ R (“) = *3-' (“3 - 'p Al‘“b ArUme PR Ptrrodw.l-a,

. iy A Ak
Male W anate ulx) = UN(‘B = qu"'e -

Iele N

D b Dukness of N, ve wob e oble Y g R(uws)= O
Firsh, leX assume R(W) i linor in g ond thal R 0 w are
'.na.,‘,.,aawl o ke R(W =0 mans u s a 3\‘(*0%‘ soluLOﬂ__.
For .,m,.,\,ln,, uprua= 0, ul%0)=sinlx) has o solthion  sin(x-€)
9 ve con colre the residual shengly Bt £ w(x 0 - H(A),
(H():0 Qe x<0, HO L B <2L) We can enfece )

'IK\ v ignene 6‘ 0, H(x) s @ so\u\-;of\, .'1[\ we 19prere x"é/
H( x -—é) 195 o solv\-rcfx ["O'Hn ot val.—) (_l‘l_';"ﬂ"_)’ euefyul\efej
(L\'(V‘yW\erc— excep} along a line in x-€ spae. Hef\w,/

solubions oe ol vergwe here . Henee, enloremy RCa) - O
ssmmslj qlmys-‘— Lverywhene can Lo o lao\() Plo\f\.

Tagkead of reqpiring R () = OJ we'll require

CRIWD , ¢ =0 Y bk or had dhe roidial o obhugoml bo Fourns spu.
LQ,L H Lo a Hil\o.,J space and \’\1h be L, ‘lbg"l"ﬂi“"l

dval spae or H, conkinvows Lovaded Lineor P bornls on H

Ao cncmgle 0 H* 5 ho g B osen, hie H.

The Riese o presablen The gom esstre Yy ks v Hal all
demete o HY oe of e R W L\, he > o Jhat
7 <) "‘-’MWfLrsm H Yo H*-

Nov, comsedy @ g.u\o,.f,tw V ¢ \—\ The dw! off VLl ru,ocu'l'
}[o He nne ‘oruéu—)( on oo Mo collechion off dbyeds w o suh Hhal
v o v wd s wakavens Qr every ve V. Tlhes condihen is
\ooscrl 50 H“'L c \V * S% we  hove ARt

Vel =UYe VH Ve call (V, VYD) o Gelfed Vrrrle
or @ (igged Hlb o} seacl W need ek e in H,

bt ve il coneider <V, vy “Yhow Smoothaery oF o ook w“_




5129 (9%
If\ ol GU\Q,@ "Fiplc, (.V) l—\J V*]’ \'\n\'r\‘t— op V as an

ard V' e dercalve space, condains L7 Lot oy hevve
Q—‘(’/f\-\bf\\> f\U\‘ in L%\

EL" Car\r,\'c)u' \‘\' = '/% ([0.} }K‘] 9 c) W'.“» ivb 5%"“\)‘\’) innes
P"‘Ul)vu\' d'_, ' \. Dgpr&

V= HE(£0.923, €)= § - S cule| Pen, P00 3

(AT su\asfm—b oﬂ H
Cleaim: H?"c V' e We S pace Whe se O:r;} U=
onli()w.vm‘twr N Lg\,
Ul‘j’-) Lel ve\]j Gnd 30ne W s.,‘\npopv 4\N, ®5- 0 uim
andiderradene M. ot
E (vu)= v ™= - (v)j\ﬂ>'
\‘lo,nu,} ip \'JGL’J Yhen

(v > 1 wy] e vl « ¢ Hivllyg

\/\amu.. v (",“") i a ‘oowu‘u\ mop, H«u':v w € V* given
Lo, 0y <0 am Wel® Uhue Waw,
\’J\"a\_ \"""B °F ‘O\mo“r—w\) ore  n V*\Q Co“""“"u’

W) s SR o) bule) = Belo el ¢ ST FT0) bl

Lé‘z €20
_ 1 abx
T Z,e .
MO\‘L, {'\l\'ﬂ « r\ow\ufe. cgf\-u{'/ﬁsq/\""_ &d‘*l "'LL Evrigr an\ibcxiu..ls-b
—
- \'\Jl(-&); Z b0y dt(x) € La‘
[i>0 klf...

F;:ufi er (M\"igwn\fqli\l-" Ig,\,p._ Lf- O \‘Lf‘M



Thas -
© (v, = Ly, 6o 0u0S + Ly, wlS

- D) — v, uN
Go &b, (o) - < gkl"/\\"—(b“-a S: fuf d)gx

(f

[0 a4
AN
~ G h.(6) v S E a6 o e
(I ABNERY
- S Gl - vio)

e

This tlle s Hab w= S Yo Qirme dllu centerd a} O,
14 oan QIQ,N\U\\’ o? H L”’ \{*.

l'\ﬂ) inm,,crohu" 5 ‘uir\" g.val\w\‘ﬂol\.

Lelly  considee v example | —u () v w(a) = ©(), u(0) = u(?n),
Vel fad o ue VEL™ b Ly, = (8w VY vV vhe
Luz -0 uly), Tb o ol neessary  the
consider o Gelfod Arcple (VL™ V) N,

YGV; luekaL’lU\,Y\ (Uﬂ v)*<uv>
Ibfl

<)V\?<UV\

we V=V, so

SD, our aewv PDE S"u‘—e,mu

by Fd we Vosk dw Y r Qv K0
‘Por Lvery V& V\\.

The o a WQJ\" (‘\orm or ‘ma.\w,\,‘\ parm G Ve PDe.
Ar\) a so\u\".o.\ W s calll) a weak solubion |

If\ a))i“sor\‘ i[" W % a
Lena D:Jo, b\‘mAJ salul;m (aakseaa V"); 'l" r'w‘»\‘ a\bo ‘ol o W’t,n\v. sclul-iot\, CNWUSL.
need M‘ \oo. \'rw.-.

I‘\ '\'ks Citmrll—’ W nedd ‘\“' |°£ 330&{1’[\"‘6\Lk "WN.L, il’ 0!\':‘ Mv‘)l‘ l"- AQDDLIGA""‘L]'—

6ice N & veales (‘wt—"»gmj) M‘e,gru\ Sease .

Q_:_ Do \/Lo\L 50\"5 c_.-ns‘ in guu,m‘? Is \’lnn wo“'fou.),‘,)

Let

a(. ,'\ : V*\,"‘C Le, a seﬁ_ullif\uh( Dﬂm (\inw in o} arg, (on, 9..‘4, Lnear »

wed) Th 6 conreive or ¢“iglib iD 1 20 suehh Hat
\Q(V,V3|7 e vty V veV




T4 ae bovadd o conbines i 3 C-0 st |alww)] ¢ CHall-Ul
V wveV
Lax- Midgam Theorar: Lot al,) be o Govrere md bounded  sosgunen
fiom oo o Wlled spae V, o) b (V, 0, V') be n Gl bople
J oo W oimepreted €5 L Pe VA Tha W enods a
Unique solbien weV b the prollem

Find we Vo osuwh Hhal o\(u V= 8D R every ve V.
Morcover, The solihen & vell-posed  wiln cespect +o £

Lally, < S8

Tl’\i( ‘LMNM give? vo 0.\(‘|ﬁl'c«nu.- e UN 7o uenesS Qr on ;r\p:n.-‘._—é:w,n,nml
oc\o\lo ve. p A
§ ° Au = D ) A = A :

Y a {,uJ\A . 0 -dim versron of  y* Au
Corcivness § bondednens o annlogves to  Gum{AY> O
G“M.‘(A\ < #0 (sm,ul..r value, ) (r..\l.-\m, inene eniss)

> De V¥ cquvaliad Yo v BTy bevaded

> Ta Fade-dim, since norms equivaleal,  V=H= VE

7alwv) = L8O s anliges $o v Au:sv? (-\

Ia (‘\WMM pfo\ﬂlbm “w”s w-= 'p u(,o) 4 u(g-fa we \b\'

He fulrs el | Nullp ced Vo fuell | veHd

ke 2

with &5 ohanied inmar-pradik oo L210,327, Nullyg= <u,wd,

Lulld s ¢ @b+ lu, o) . DeBae He  bilinear Brm

a(uiv) > 4w Wy o, v) Jhick ve can show to be  covrcive (=) and
bovded  Then, by Lux-Milgim Hhon coob a snme weck selibin
we Vo)l alw )= (YD WV veV il e Vvt a0 Wuly e 08 e
Now, |t Vo be w Dnn:\-a, dimencionnl su\asp“u’ 00 V. New,

LO'K' M;laryd\f\ s;o\()s a vAtay e sold\'i «n Uw.




Hou o\uwal-c_ © “u's solvl-.‘m? U\Au)r (s ““’U\N"v?

Lo Lemmn ho-uelly € <= 200 -l

Lwr. C 5 C are wn“‘f\u‘— Coereise au\s“‘u’h "‘"‘afW"wu\J “D o,

C S omax (A)
M '\‘Q.« p g‘\ram \[W a‘ge,LmJ s m) he CO'\a"""’D’\ num‘oo' OD A .
DA

G@/l L\w\) Aﬁr o Ve o\r\uosL V = H“:

“"“H*‘ Pvllp « W le <m0

gy .

n

so Ve\/ Mmusy mhgﬂ,

, o ,_,,,,\,-,\’ AS o fourrer SUics,

Nullpe = Z(ﬂ-*\:)\ll\v_a‘< 2 Tho meny v must b savcoMer

Moon st ue Ls PU'OA“' Ware Sa:c.fo, Now,ﬁf we H*

o v 2 dyv,w> boundd,  esserlully ingles ﬁ%;‘ < e 50

con b very Vnsmpoth ex. Wrl Ve =2 w=3§ e can

lb Le VP2 U™ 50 R u) males sense, So, v kind

of mones VoHy = fas s Qs dewadive w n L, VU = L7 = [a

sd o nmies indegrml b in L>

Thi Yheory © Lmitd 4o hineo- ?OEs’ J’ypraa“y 10 gl\.‘,--'a‘c

ol Fara‘oolio PRCs  Con ‘e erkaded LA more oamrlrm"'a).
7 Hilbe)d shrvhoe wob requind V con Yo Damadh of doal V*

2 o\(',') Cen o.om"'e. cr b;DQn_,.); SPpacer U‘V

?ro\o\em . qu\ lu = P ()Qpnl._ res; éun\ Q(\A) < lu' p

J a

LeNCir e

weal Lomola b © “Fird u eV sadisByiny LR, VI =0
Y veV e Vs sone Hilbed (or Bareld space il
sove. Marpdvd L2 (or dualily pairg)
T\/\(S 9 calld a weigh dod bl molhed 05 e eallice e
revidval U»AT‘\ws in sone wu,\,\\) Sense
Coll V' Ve breal spmeg Doom which ve prkew,  We space in
ih v ealiie e msdval (also Vo hee) s Mo M
Trial = Tesd spae. Ga\bf\o.n ,.,\,)(Lo) ) oMevrwne Rl -CGaldin.

E_"_" Choose /= 5?“"£3n.,3n.,---, Sx..‘sl call) o collocoticn SOL\o«anel 14
esccnbialy  only fores  residval =0 a¥  collocaton  poinds (R(D|enn®




Ouvr Crecdoms Yeon are what Linds of Daclin i our 'SoluLtor\’.D What

W oowr berd spae UP A, how d ve e b sahaly He pDE,

Shab o e dog) space VP

Now, we'll move onb  Fouro Spw"«a\ \"\.,n\,);,‘, Consder Yine ir\boru\éwlr L.
Vel dhosse Al spae W, sk spnee Vo oy spnin off Foureer

Pmo‘rops, and (almod al‘dﬁ'y) L; :Mu/“praévu']'.
F:).Jr;;,( - Galebea Methed:

> W=V J G a\ebin

> V= span b et ke 23 in 10 ul puiadic OCs o 69x

>’ Gwen Yu= P chioe aluvd s L8v7

> Prob s Find uwe Un = spange™®: keZ, (LIcN3 <V

2 ¢L(t) = —ﬁ'ﬂ-: e"L"

> <"u”*u, V) =W vD s oY feom T OP.

V) , So
fu("\JV)" <uzu’>*<w")
> Chuosw V= Hy , Mo V*- WY
> Ve ke GAPd deiple, M prdolem voll- posed
by Lax—Milgram
ve  lalww) wf lalyw)]
S",’ Nully Uvily ¢ 2-C, S (MM =te

E Eq,urm\w\‘- -‘0 al\‘aa“'?_ Uw (ﬁ)= |u€‘_:u \f; ¢“‘(“)-
> ek geck <Zm)m. (»u¢...§ ¢ lun, 00 = LL, 00

19¢ N
> S(L DO - £ = (8
(He N
—O_—__ y_ =X J Q_} = AF&J ((__“)1*1‘ {-Ntl\aa-l’...’ (N)z* ﬂ_)

™

D \_A_r— -D;:—i__(_\

2 orWogenl dorie!
(cse) A

O O T A [ A IR IR 3



> ety = well]™ > Hp > 5= (e w o)

> Pely » fumull,. <JaNT NN

> Tl\p, SMQ\LA{ 01-,] l—l‘_ ka.- Fouflof Svuied cot\uu’y,
Y/24/2%

]\lOW’ \(‘/t.:“ Ve (2 CO“aCa\\’ron N\L‘L\cb ..ppr

=(r+e)

M uos "(\ ) g'fL fWidai¢/ E}urru SesTe)

Vel el gur tork 5 prce
Yre (am-1)
Ine L
\WJe ebsm\--m\\ wﬂart—c "t;’(xn.) L b\(z‘-w): D(ﬁ») \d "M

(=~Ny?
Ocfine D [ CNvay® v -
> 'D-Tt h w2

rrcn: ‘\»L[O\,\ D;u i Eﬂ I’y pol‘f\lwi‘ﬁ— 52,(__,,\) éex.\la‘&u orm}or.

\[ = 5‘?.:\!'\ g 3x..\7_’>mei,\,d_] ) Xm =

- ) P4

No!'!.’ T‘,\:s ma‘rix ) EMSL IA‘:"L-‘.D ao S)(d’ffa "l“ 'p 09)
we Caan VUse [:Fr’ 0“'“) )0 o Atagal\o.‘ msi\‘\c‘flf‘tﬂ"'f""/ -Qr O(N \°D N)_

Ovr schene reads L"’ Dn N I) 0 Lnenr syshem, can Le

S y 5@]\1;3 'por \A C")ilv'

-

? Eﬁsb \o iMpLum‘, More \-L,,ory, t)Ll\s& IM}"“P&,

How abot cemr?
(‘Za\uun Collaticn
Pu (a7 U, ) = PP To(Fune s uue)- |
NO\"’; To(- “—NL K PN(‘U\N:L t Uu,c). e w\o)fmd.’nj

e oo, Py (AU + Av.) = (P-Ty) R - &Ng

OL\T&.J?"J evrer

dince WPl =a (or’:bew\), assuming e \’\p
| Auclls e VARl ¢ W



RG,(A“J Iﬂ 9 ‘tn\vr Po\a\'."‘j Fc,\,rrw feiren (.0 FT)j 9
Fp 76 o h« cg on~al F‘o‘juo‘-rm O‘\\’B VN = Spen { (bkg \He N,

NO\‘G/D \au‘rvwﬂ Ga \_ﬂl—:’\ £ (.',a “.a.(.—;u\
2 & 6 3(\,, LL\AM Ve{) - Ma'a\/\ Q,r W“" M.
2 T:r\ se/\ua\, CLY T )'o prove GQ\bfer\ gsl.'nnx‘q

z Tr\ Some  codes (,ollou""?(/f\ 15 easie~v

€x- -—Ul“ + M = PCK)

’a~ +91A X

Poift)twng_, Lvﬂ_‘\/&\‘:vﬂ op q\owp Vs, ](\(\M rﬂbwh . A
eswbapu)‘m\ wethed loo ks \ike

P\\s( J) « tu ( dd(x) - PN@(‘)>

Nb\-’, wli Move W\‘b x;m.,—éo‘:u\l)e_n\' F\’ble""\‘i. Cons.-éer

9
-9_‘?é ol r)__ W , fgr.‘aarf-— 0765

V\\Uc.' l £y "‘-"L ‘f\abft—ﬂ)wl') X:,prc““‘y L’Mp_ (\daw’ eq, 1\)\‘ c,ux’
heat eq, lu= L“x:)_ e\ Paovs on b"u\oi\i)'b) o b’(‘mftg' ol
0C Collom\»;dn mb"lm?)’:.

E:‘_:_ 9\.\ 2u 9%\1

- e

;Z C E Y ‘Dxa' ) Ce R) V‘? O ) O3V TCs sm-\l\.

The P08 sadaltes om energy S)f""x‘\‘b l’"l"""}

T

An
) usedx = c§
0 (]

WU = %-(“g\)b ) AW, T %- \‘G)xi BCS 2
> C
5 Ty = 0= vl O
A'\c) ve:" Vi a Four:r.r’ Ga\err\ sc\m,m_, ™ Space, a:sur&"iu wa
MN(',{’)CV" Y ‘(:

(\%Kfl v ey = e P20 (3.

UUx 0x YS U Uy O %

o




Chosing v= B ¥ Ll 2 N, we g We (2rd) s OpC
A

—

- C

<>

0 ~ N
2¢ U1 \_}_*-VD,&U

;X A >
villa Dy = dimy(-aN, -c(w-1) - aN) | Dy Sy, -N?)

\|’.. (,‘ )5 Lﬁ&”‘ "OlU"'rpq

=)

A

~ N Gy v acR)E
welt) - G (0)e

\J\“TJA I3

nof\r'\urm-,nj (A ‘{N\b G\y.(,t) = <\‘J q"‘b
E.:

ut = 3in (&) u,

Facls: de ¢y = ‘é:': Qu.s , So  Sinx ¢ = ‘AY-‘:: (‘1’,_"@-13(3\"—) b

= 5 (- 61
NOW, e o~ ?F‘nb (srnx'u, \IE L\Gf wve Vu.
‘(le/D‘ OpE

z

O —
N_

() = Nt _é -(v-0
'-;—e" _\_A_‘;‘_‘G A == e = .
-, — ':_‘;,’_ -
No»vJ Consides Ue = qu, loj Uy € V\\J‘
rvvr{'d' Ga\“\bin" 'aUtN _ /aqu
< a‘& J V> - <\AN a¥ ) \f\ v UC\IN.

\ch_, \-\w\ need Jro | “L\ﬂ' ‘lo CoMrJ-k‘. (o) ‘\fif\«. ?ra)w/\ ep Cbs he e .
Cﬂn \w. 90‘\&, :,u‘rl 3&“ Ugly C,Oep'pi(_ieﬂ“s_ Er\) w‘-“:- ;%g_:’C_I(g) ULUG_

e v n“\‘intar') a'de\)ra‘l'uc in -pa()r. En) Uf u/ cwwo\Jl?"‘il So Q__; Q_CQ)
15 an oréuf Na ort.m‘)'ion_

ou _ Qu
E_':z. '5":.' SiN (“ 3-;, in Hﬂic Case cc«mo“' e,xc.u“, con»r-Al'- at\dr-offr.

nl‘-m\w\z . TL‘E!:,S 90_)( é’lOP'. Cv “’ qui(,L wi'Ha P.;l\ Fg;uf(:,(— Gu\a—er.

l::r pre,\.uus axwr"—, may voe pspnébgrgb\*m‘ q,..,“m). E,,.,.\.,Ap Sif\(u“)
rO( n\w;g) G\\) Jse DF/)- "'0 90" Cobp-oi(, ,‘m-\'j'



T '/\-L @L“rw = Gq\u\-‘r\\ CO\loc,c\)n 75 Sc,"-u'a '.f\-lo\-dfd (,\,\, o5y |V| P“ \'\‘[S

Xa,-, R Gu\b Véing ansaky o
uw(n,é) = Z u,,_(k} ,\y_(é)
k=n

\-u\Nb-c Q\'_(L) [T 'H»g, C&rb;M\ La grocge D\(AOI’W’\ q\_
OU( 5()1\0/-4/ “rv\ o5 L) -(-\a( 2o “e,s{()vq\ m¥ ~* R 3%

9 =
Jr L e

WL.,,(, D{ oa AQ  Jeare duserele am,ukq)ﬂm C/“mi o M* rree

OFT A Fowser JiPP _A(I'l) TOFY {4,%)
Cocf‘esfanbtnj Yo u— G = G —w

g

U3 *TO}\_&

E._‘_" Ue = sinlu) W s Mmidh easies v CO\I““L‘"‘-

= (6:!\ (!)) © (Q:_;_- _U_)

w\,\bb (O [} Q'e,me.r\"w‘wc, mul-‘if\‘.cgl‘.on.

No*v Ab lof\J s \'\o\vc/ D-__ M‘f‘-w‘:, easic 4‘o i““f L’hc)\"’ co“oca“‘?af\_
G\A' Mu.L MNoce a:mw“ ~‘-o pmvo. H«\inds “-e d—a‘oiL{).

Consrder Me= Lua wik Pum}.c BCs on 10, 2x) wilh L Vnear
We call L semiloounded £ LA CT [, seme Ce R
Lol u ) e {Cuw = CHUlE (ren L semi-bownded,
we l'\°‘) 5\'\0"*'\ He em\O\'M ) w-«\l'posd u/ “\1“|}‘~eamé “u(‘))»,_o.

E. ~ Au G ue, () wd b operiede.
\,Jp_, can Shas Yl 1l \, park AP % N T
é.pcuw m\vlﬁ-/ G o l'\qs bounded 3"“’01)@:-, &/ Stmi - bounded
v\)/ cvnﬁ‘m" C . max lC‘(")l
B l = 3, Kma, s slf-dped o b M)
Lvat-0n2 K(.o% wing iy ,.A,, gimn K s ceal,  semibouadd)




T—L\wram’ A; Iume, 1, ™ bbmi—\oour\até \,\1\,\ l + r&,* < C I/ w\)
(,or\s.“bu’ '“wq, 90\3 \A£= &, . Tlvw- "‘t Fouruf" CO\‘-{L;{\ m._,“n.B 0 5}&‘0'&

Q“a O\A§5 uﬂ. \OOUna
luale)ls <o 5\ w2

(/m\% domin lo Q‘—U\ P se,m—.—'oJc), se\E-ndseink

&/5/9%:

NOVJ Suppuse  we Wave 2 f\or\-(dexﬁ'o&‘(— PFOLL"M. I-p vsing

o bove MQA\naJs} mush [Vad new looois {q’.}, Ms 5‘(m;,\\lporw,r)
choace POIJr\omials. Do pq = sfng” Ocy¢ a3, We'll work

in L“ o rocn uU“u‘ = :eu(f |“("‘)l.

Weiershmss Theorem * Aosowe  uwe CL-1,43  Ho guen €0, A ac NV ad
Pn € P, <l lu-pall= s &,

Tlooens Led weClo =), o 3 820 5L Y y()e® = O

x

_\l,v\ \-j E> OJ d nec lN) p~€ ?t\ s.l. “(U(p)-— Pn(ﬁ))e‘—s‘ “L" < ¢

.-_e,— uLu) Q,\.\,\J 9rov suftfe_nraau\"rq“‘,

L\vavwi cons‘rw\‘:r\‘j s\,(_,L o rolumMia\ 9 l\d'\' -QA.,;LL CPM'DU'L“L"M“‘,

b!-c«.m. we art wbrl—-'f\J " bm«a\n Sfmu. L".

\JQ_ wa\l' “'o \.urrL n L’ '.nﬁ-‘»u»)l iq-\—rdf)uu_, ‘\o'l-o‘l-\m

/; LY, " g ‘iro)vo-l-.

L: (. O) = é W: D"'a ﬁ ' "(Al"_:(o)" 003 , “uul_‘:(m’ SD ua(v)w(n)éx
An) w‘.n\ an inng,r—?roéuol, WL AN mjinimil ﬂ\gof'.nannf;_q“:j,

Pa («) :E a;, ¢, 6) . 0, = Cu), ¢5(")>L3

given a COMVLU“V Of“"""\o"w\ﬂ\ besio, T\'wj Can be ()oSi,r\tra
\‘\nfwg\a () Gf"ﬂw\' Solf\hx1¢)+ a.fpraarﬂ'\_
-4
[ L — ~~
Py_(l) = x = E (xt; P"’(Q)L.’t Pa(x)

)0

PK (7‘) = ’—‘?—L&)———

Il & (VN2




Hoverrr, Wi gds vegy wnsdable Lr E200 cun il
il\o\rrovu) U\SOH}\""“) \'L(L N‘Obi'p“'—) Gm""" goLw-a:é ¥,

V-Term Lomnnt  Soppese {.PG’Snto are Lo —orMnormal Wil n=3e3(rn),
Then Hee ot consloch an b e R wll  bo>0 s,

XPa = bas Pure 4 OQapa + bapas, 02O
whew paz0, o T, be - Spelainx.

Pfoap= F'iz\ r\'
Nl arl Avy
b} J J
XPn = _/j! C,x = V4 <?\fnJ P)»LSX = 2 <f"1"PJ3L%)(
\'].‘—0 9o )=o

n-4 n+
= <F"J *f"‘kvLSK v < ) KP"‘>Kn * ( Pny xPn+.;>x :

— L\ VY

— + <*\°’\, frre) x

—

— + + L
bv\-:\_ n-1 Qa P" nry Pare .

/’\f\) ‘“MS e (Nrston protesy 02 vey monre S“QL \L,

SO/L C\Af'is"'opp"’\" Do\f‘oavx Theorem por Arrch m_\omu’r)w‘:ws c«p
2P ply) B xzy o0 ity

Nd e we'd \ultc, "o "‘x"@ M\‘o.. o~ ae,am—e. "M ro\dqomlﬂ \ W / q u-\)ﬁl‘vh

2’. W P"(K")' Nok) PM has mr A Ao.dnws a[\ pf‘u_)o-n/ ac\ w\l.,mwn'a.

NETS

DQ’O“\U ’“4- f\a()b POL,MMW\‘ 3(5) = 5—-1-': (K - Fu")’
J—ﬁw\ai Tluwrem‘ L(‘/'- A(l) € Pn be JJL) o5 ALOW— ’fo ~odes E*J_SJ:_.
L Ocken, Men W Lilluny chabemendy an equivalia}

1) Sop(s)w(x))x = SCJJ F(‘J) V p € PML..Q_

3) < é/ F>L3 = O V ‘06 pb-‘“ (q/uas:—e)r“noyonaLLv,_).

M ie. J = Pn(ﬁ)- unbi‘;m

Gﬁvss:on Qvo-)mler S Ow L=t\, if\‘x]qu any pé Pa.._,_.




P"OUO p‘“vm vwl\'mj (’(K) = I"("‘)‘i,(x) r f(« 5) and Wb l’“—‘\'c/
Snf(t)w(\:)bx = Sk(&)&[a)u&)ék . Sr({) W(K)B;x

= O * t’_tut.«t qu\vﬁ\'m Lj %ng

———n
tl’vv@. rd\b

T Le,bferm” L;:— (0) - °"l\\ajan.a‘ ?olynomia\> oN O lf\.o\\/c_, (")

S:Mrl-b roajfa i'\SfJC/ D.

SD‘ £K030?3_ = ?;L(_O) e “N. U ATqve 50)'5 00 noéc,s Qf QJG\)"L"'.
Wfﬁg"\“’) grven by

L, - = , K()‘Zpa‘&

Y Ka (%)

TaL-vQ«aWw_'- F;( il\‘\!-a%"‘-‘ry ro\;’MMia' vp l'° J-jru. gr\ - ﬂ'/ ’“'\Q_ ’\0()@5
g1ven ly "\003(7 O'p qu P\f\) wC’wiJ Lrl’} gven a5 abow,

“‘\Ov\/ “’0 30"’ (‘00‘\"3") Ruurrbnu.. re,to.\-rm )a\yg

a b, Po x)
b, A b .
X&) ﬁ( )F(m by pal) 7 (g(,y o
L'\-l QAaey f"\’l "
O— je\w\vf *f‘&

S palx O = x.,p(a.)= Plxe). Teeo pa(0)-A(7)

4/10/2%-
Ta D,\JD given vV - K,—V l “7”‘1—, w; = vitl Q.)

COMfollU‘l' "p' ‘“-L norm\q\u) e,'rju\vu/\'o

_l.(\ SVmmary, 9 iven (q,a) (Ln) Wl Con vse Lif\ur AlqoLm ‘I‘o
‘pf\)il\, ggu\va\\M Qr 9MUQI Sq vare m\ql- KNS

CDM‘NA"Q/ ‘J, (’JO- Howwu

a:mcd“‘ an) U¢\>‘|'h'°L—. I‘p “«4. mateaxg % Ll,fmi,‘ia\ or Sdmmul‘"lt-, LCIOM

MWJ"\ nicer,



COAS}()U “re, S*‘“""\'Liouvi“a, f"'olol.u'v\

— 2] Aol 2] —%atryw =0

‘)LL/tul (‘,L\ou,v; oD w(*) G(“7 b e«l‘)" Do.,m\.e» aD cr u«\ogerw‘
(’ ‘ r\orvualf' Lo."

Sy = 5 lawwt) 2]

‘“«ux H/\L o\\o(‘)\m— .‘am\b\”"‘" \oesemen S(j) = 9\,3/ s0 ‘X an
Cigvalwe LS. S abo a ,e,l(‘-qz,om‘f Orm\", and

Posil'rvg Sum-.)b[—\mfk. Se  erguvalies re_nL r\ot\"t\(ﬁm".\n—. These

puoh wl sone exbm details U"’\') “A-t\ “-'\wrl‘,-ar\ée,fu)ul' solubions are

?a' 0"“\039!\::‘
T\v\Q, &oémejw.s) Dormdla Says ll\q"‘ .“10 (PN ] SﬁL‘SDH-’: '“w, OOE
2 L(v)

' = a_(:'JG/ L al\— ,-\gsl- l.‘mr’ “\.,n Ve \'\cwb \—L«\}'

Pﬂ(*) £/ ) w(x))

( D )x
Whidh lebs v expliadly eakolide  (a), (ba) |
‘\‘L?_c,f_\._f\oy prAGMiqLS'-
ol -1, OG- (Lw’) and anz0, b.:
Con do some v Hommile (- e gk a0, be-
O Jock, Lajwre, Chebyshey ..

L
@, L = jﬁq“ﬂ_ 0
i
Xy

N
L'\"'E.

Coﬂjil)n.r “,q, OD€(¢:9M:..L,._ faro'blc,Ml __3)7(‘) = ﬂ,y (.‘) ..u“. P(,r;oc)ic BC:
DCMLI— S(J) = = 3‘!—“’ ) C'\-"\ Sl\ow (P ‘ne\,-l:— Lijbr\‘oou‘('s

¢n (K) & _é_iean;« / {X'\ = n'&. Oupw. fro;,wl'-"—f\ u"m‘—-‘tﬂ‘s a: = <UE, ¢'\>
Nok‘.— “;\Q"' 9 i sdp-a)‘;o-'nl, s0

[ = 12w, 650= 5 (w26 = %L\@ 5(¢.,)>I

= %’;‘ ‘< S(u), da)l = -’a:; l (\A“(r-), ¢,\>‘ l (u“)l
i i
hae Ane 37 A of  farseual = |un| & ; " " ";

an ) (D a‘—i“)'\m!w\‘*‘o\\a\v,} Con c,o-\‘*-"\ve__J Aed) ol e q“‘\m
Sang  ercer Louf\) -Q;,- ll“-u“‘,“ o3 L..p.nc.



5

L X s

" Ul"UlN“L" - _3-5’ “uuﬂs' , Am) ’\'—ﬁ = N

Con do a1 antlow procedvere p‘,r f°\54\o~\rals,
4/12r134% :

Duchn, wﬁgl\"' -Q'\U}‘or\ (’\J(‘“\J Vse L: 'ur\mvr'pf")vf-/“’J \(tq(/ '(bb“'
Fwen LJ Spqq £ be . 3 ,JL&JL P,\)s artc LJ ﬂa/‘-“,\o,gaﬂq ’

Dr FOU"V'

b} now, wo must be carcfol Q0 bovadacy  condibiens.
Eoo -07G) = P() o (L), W) «, uw)- g
> 1f ot £ 0, Achomegencon, solve xp= O and use l‘.mr,s_
7 Essodoal hadling of BCs  sags all baad basin fncdions
salisfy Mo 06 (Komsgencon)
> The ﬂiLﬁ*‘ l'w\g)_‘_-'_'_\_J WMl'-ly handles 6C
? TL,_, Lw \'\mn)lqj ;r\va\vw ‘wml'-"\j \«:’l«.-’pre,%am,_y Cou n,;.,\h
dovole  lighr Jogres fo  flacdom ko BG iashd o€ PpE
Consider o= 5 ﬁ=—’;/ \.,ij nohey  Hhat u(&)’“’_ﬂs}x ¢ 3 sdefls
e 06 ad W)= 0. S¢ gwr 2 homegunens sobken UG,

- MﬂLoch..r\eovj Sold-\-.m S U ('4’-) ¥ w(x) ,

/

For ementml hondling b D, , « P, reduan, I % 9, and

e e Poo o5 el (et space (Pu,e = €pe b (0 =x p(0)-£3 )
T N R Lk pae) = pa(-1) 557 (D55 L, Leaewt
=0 Anoler comn e 0 Pa ()= pu )= W panle) = 84 puos ()

w/ 3,.1 Ta carvpu“, c.lt\osu\. Or Sn(&) = (1“"3) fn (ﬂ) , n=0, A,--, N -

Ee =0 vu:=l, w(n-: ulD):=0
Conordes Hol-1, 47 = fueltl-1,4] : u(x1) -0,
(-0« L) = LB = 2 0Y L Cuwy = LY
ch_am u v E H: Sb ML’DMM (0 l‘a 3“"‘"‘»% alew \/ VéHi_
To )'\Wr/‘iu’ vat P,,,o '.r\s‘ué o-(\ H: Lu" u(n)‘?;aa ‘h(")-
Obbur (S+Mu-0 (), :<a2,qY, (M., - <ay,q) an

slspﬂ.,s; £ mass makirces,

S ™

> Ar\qu\-n,a\ mu“w)ﬁ Jvee (b"‘“b'w\ (g F VY ZN7S cr =0 =

] Or Ve LL,.J\J"" Gcwfn ,L.mém-l-vﬂ- 'Q,r é/ g . jr\ -':._9/-«\)



iS &L&M ﬂ“ I'\-O)\’ g‘\d ) SO Vi N-I- i fol‘"\‘) %V‘aé"&‘l\lm.
c"‘ obline) b f’)' Us,\,\’ ra 15 fesd ,P 9a o S

3‘- ‘tjoaa' .
FGf Roer\ &CT’J nq‘-urq\ \-rua‘w-n" D case
ult) + fLlr) - O

=5 (u‘:\h = L&,V — W) ulx)
S
eplae (1) wilh S ult)

Tc\u mu“\"'b niLe w’ \-'.n,n.-ébff-—")r_«x bcl, U‘( 1Jé) = l/\(é)- bJ‘b
r\.o\' ST alao.n\' Pmu{fv Cp/\vﬂ,r‘}q,f\m__

Fo( ca“ocm"rmj ‘alq._., /\_QAQ..? q\" .til_’ Lu" -N,u camw“ e G‘-‘t‘-‘S)'
Gluc\()f“‘\\lf"—-, voe G&Uh— LOLG\‘)’“J 5[;-9[.‘)‘ IOS) in QC(,J/R(‘_J‘ So

¢I’\'{\O(f—(, 20 r‘c,s:Jva-l 5‘,5"@‘“ F’“‘:)e"} bCS "" eaeS.



